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Abstract. In this paper we establish new quantitative stability estimates with respect to 
domain perturbations for all the eigenvalues of both the Neumann and the Dirichlet Lapla- 
cian. Our main results follow from an abstract lemma stating that it is actually sufficient 
to provide an estimate on suitable projection operators. Whereas this lemma could be ap- 
plied under different regularity assumptions on the domain, here we use it to estimate the 
spectrum in Lipschitz and in so-called Reifenberg-flat domains. Our argument also relies on 
suitable extension techniques and on an estimate on the decay of the eigenfunctions at the 
boundary which could be interpreted as a boundary regularity result. 
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1. Introduction 



1.1. Main results. In this paper we deal with the eigenvalues of the Laplace operator for the 
Dirichlet and the Neumann problems in rough domains. Let O C be an open and bounded 
set. If d^l satisfies suitable mild regularity assumptions, then we can apply the classical 
results concerning the spectrum of compact operators and infer that both the Dirichlet and 
the Neumann problems admit a sequence of nonnegative eigenvalues, which we denote by 



respectively. Each eigenvalue is counted according to its multiplicity. 

The problem of investigating the way that the eigenvalues and /i^ depend on the do- 
main J7 has been widely studied. We refer to the books by Bucur and Buttazzo [3] and by 
Henrot [TH] and to references therein for an extended discussion. See also the expository 
work by Hale [Ijj. In the present paper we establish new stability estimates concerning the 
dependence of the eigenvalues on domain perturbations. The most relevant features of the 
paper are the following. 

First, our approach applies to both the Dirichlet and the Neumann problem, while many of 
the previous results were concerned with the Dirichlet problem only. The key argument in the 
present paper is based on an abstract lemma (Lemma O in Section [3]) which is sufficiently 
general to apply to both Dirichlet and Neumann problems. Lemma [T3] has an elementary 
proof which uses ideas due to Birkhoff, de Boor, Swartz and Wendroff [2]. Although in this 
paper we choose to mainly focus on domains satisfying a specific regularity condition, first 
introduced by E. R. Reifenberg [25], Lemma [T^ can be applied to other classes of domains. 
As an example, we consider the case of Lipschitz domains, see Theorem [H 



< Xi{Q) < \2{n) < ■ ■ ■ < Afc(17) < . . . t +00 



and 



= /XI (17) < /X2(17) < • • • < fiki^) < . . . t +00 
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Second, we impose very weak regularity conditions on the domains and ilf,. The exact 
definition of the regularity assumptions we impose is given later, here we just mention that 
Reifenberg flatness is a property weaker than Lipschitz continuity and that Reifenb erg- flat 
domains are relevant for the study of minimal surfaces |25j and of other problems, see Toro [27] 
for an overview. 

Third, in the present paper we establish quantitative estimates, while much of the analysis 
discussed in [31 dS] aimed at proving existence and convergence results. More precisely, we 
will obtain estimates of the following type: 

\Xkina)-Xkm\<CdHini,nx 

(1.1) 

In the previous expressions, := \ Q stands for the complement of the set Q, and dn for 
the Hausdorff distance, namely 

(1.2) dniXjY) := max{ sup d{x,Y), supd{y,X)^. 

In the following we will discuss both the admissible values for the exponent a and the rea- 
sons why the quantity dni^a^^b) only appears in the stability estimate for the Neumann 
eigenvalues. 

Note that quantitative stability results were established in a series of papers by Burenkov, 
Lamberti, Lanza De Cristoforis and collaborators (see j3| for an overview). However, the 
regularity assumptions we impose on the domains are different than those in [3] and, more- 
over, our approach relies on different techniques. Indeed, the analysis in [3] is based on the 
notion of transition operators, while as mentioned before our argument combines real analysis 
techniques with an abstract lemma whose proof is based on elementary tools. 

We also refer to a very recent work by Colbois, Girouard and Iversen |5J for other quanti- 
tative stability results concerning the Dirichlet problem. 

As a final remark, we point out that Lemma 19 in [23] ensures that, given two suffi- 
ciently close Reifenberg- flat domains Q.a,^h ^ l^^i the Hausdorff distance is controlled by 
the Lebesgue measure of the symmetric difference, more precisely 

where the constant C only depends on the dimension N and on a regularity parameter of 
the domains. Hence, an immediate consequence of (jl.ip is that the corresponding estimates 
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holds in terms of \Qa^^b\^ ■ Before introducing our results, we specify the exact regularity 
assumptions we impose on the sets and Qb- 

Definition 1. Let e,ro be two real numbers satisfying < e < 1/2 and ro > 0. An (e, ro)- 
Reifenberg-flat domain C is a nonempty open set satisfying the following two conditions: 
i) for every x G dVt and for every r < rg, there is a hyperplane P{x,r) containing x which 
satisfies 

(1.3) ^dnidn n B{x, r),P{x, r) D B{x, r)) < e. 

a) For every x G dil., one of the connected component of 

B{x, ro) n {x : dist{x, P{x, ro)) > 2ero} 
is contained in Q and the other one is contained in \ Q. 

A direct consequence of the definition is that if ei < e2, then any (ei, ro)-Reifenberg-flat 
domain is also an (£2, ?'o)"R'6ifenberg-flat domain. Note also that, heuristically speaking, 
condition i) ensures that the boundary is well approximated by hyperplanes at every small 
scale, while condition ii) is a separating requirement equivalent to those in [16l [171 [IHl 
The notion of Reifenberg flatness is strictly weaker than Lipschtiz continuity and appears 
in many areas like free boundary regularity problems and geometric measure theory (see 
[Hl[9l[l0l[l6l[I71[l8l[l9l[20l[2ll[22l[Ml[2^ references therein) . 

We now state our main result concerning the Dirichlet problem. We denote by 'H^~^ the 
Hausdorff (A^ — l)-dimensional measure. 

Theorem 2 (Dirichlet Problem). Let Bq,D Q M.^ be two given balls satisfying Bq Q D and 
denote by (7n)neN the spectrum of the Dirichlet Laplacian in Bq and by R the radius of D. 

For any a g]0, 1[ there is e = e(Q) such that the following holds. For any n G N, ro > 
and Lq > there are constants Sq = 6o{'yn,n',a,rQ, N, Lq, R) and C = C{a,rQ, N) such that 
whenever Qa and Qh are two {e,ro)-Reifenberg-fiat domains in such that 

• Bo CUa<^^b and U fi;, C D; 

• L := max{'H^'\dna),n^^Hdnb)) < Lo; 

. dH{K,^d<^0, 

then 

JV 

(1-4) \X-^-X'j<Cn^n{l + lr?)LdH{K,nX, 
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where {A^} and {A,^} denote the sequences of eigenvalues of the Dirichlet Laplacian in Qa 
and ^Ib, respectively. 

In Section [L2] we provide an outline of the proof of Theorem [21 here we make some remarks. 

First, Theorem [2] is an extension of the main theorem in Lemenant Milakis [21], which 
estabhshes a similar result valid for the first eigenvalue only. The extension to the whole 
spectrum is not trivial and relies on the abstract result provided by Lemma [HI 

Second, we are confident that our method could be extended to wider classes of linear 
elliptic equations with no substantial changes. 

Third, we only define the ball Bq and the sequence {7^} to simplify the statement of 
Theorem[21 Indeed, we could have provided a sharper statement by letting the constant C and 
6q directly depend on AJ^ and , but for sake of simplicity we decided to use the monotonicity 
of eigenvalues with respect to domain inclusion, which ensures that max{A",Aj^} < 7„. Note 
that in the Neumann case this monotonicity property fails and hence in the statement of 
Theorem[5]the constants explicitly depend on the eigenvalues. Also, note that 7„ only depends 
on the inner radius of the domains and fi;,. 

Finally, we make some remarks concerning the exponent a in (|1.4p . If an inequality like (|1.4p 
holds, then a < 1. This can be seen by recalling that the Sobolev-Poincare constant of the 
ball of radius R in is proportional to R^. Note, however, that in (|1.4p we require a < 1 
and hence we do not reach the optimal exponent a = 1. Also, the regularity parameter e 
depends on a, and the closer a is to 1, the smaller is e. Those restrictions are due to technical 
reasons connected to the fact that we are imposing fairly weak regularity assumptions on the 
domains. 

However, if we restrict to Lipschitz domains we obtain sharper estimates since a can attain 
the optimal value a = 1. Also, in the case of Lipschitz domains no restriction is imposed on 
the regularity parameter, i.e. we do not need to require that the domains are "sufficiently 
flat" as in the Reifenberg-flat case. 

Before stating the precise result, we have to introduce the following definition. 

Definition 3. Let n CR^ be an open set, then $7 satisfies a uniform {p,6)-cone condition 
if for any x G dQ there is a unit vector v € R^~^, possibly depending on x, such that 



B{x, 3p) n O - Cp,0(i/) C and B{x, 3p) \ M~ + Cp,e(z^) C \ R 
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where B{x, 3p) denotes the ball centered at x with radius 3p and Cpfi{u) is the cone with height 
p> and opening 9 G]0,7r], 



Cp^eii^) ■.= {h£R^ : h-u>\h\ cos 9} D B{6, p). 



We now state the stability result for Lipschitz domains. 

Theorem 4 (Dirichlet Problem in Lipschitz domains). Let Bq,D CI M.^ be two given balls 
satisfying Bq C D and denote by (7n)neN the spectrum of the Dirichlet Laplacian in Bq and 
by R the radius of D . 

For any p > 0, 9 g]0, it] there are constants C = C{p, 9, n, A^, 7„, R) and 5o = 5o{p, 9, n, A^, 7„, R) 
such that the following holds. Let $7^ and 17^ be two open sets satisfying a {p, 9)-cone condition 
and the following properties: 



The proof of Theorem [J] combines the above-mentioned abstract result (Lemma [T^ with 
stability estimates for solutions of elliptic equations due to Savare and Schimperna [26j . 
We now state the stability result concerning the Neumann problem. 

Theorem 5 (Neumann Problem). For any a g]0, 1[ there is e = e(a) such that the following 
holds. Let Via o.nd Vii) be two bounded, connected, {e,rQ)-Reifenberg-fiat domains in such 
that 

• L := max{n^~\dna),n^'\dnb)) < Lq; 

• both Qa oind are contained in the ball D, which has radius R. 

Let p'^ and p\ be the corresponding sequences of Neumann Laplacian eigenvalues and denote 
by /X* := max{/i^, ;U,|^}. For any n G N, there are constants 5q = 6o{p'^,a,ro,n, N, R, Lq) and 
C = C{N,ro,a, R) such that if 



• Bq C Qa<^^b and Qa^^b'^ D; 
. 6:= dH{K,^b)<^0- 



Then 



max 



{dH{K,^t),dH{na,nb)} <So, 



then 



(L5) 



p'}, - pil < Cn{l + ^) 



27(Af)+2 



L{max{dH{K,^d^dH{na,nb)) 



a 
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(1) In the statement of Theorem [S] we again impose that e is sufficiently smalL Note, 
however, that in the case of the Neumann problem there are counterexamples showing 
that, if the boundary is not flat enough, then the stability result may fail, see the book 
by Courant and Hilbert [U p. 420]. Also, as in the Dirichlet case we do not reach the 
optimal exponent a = 1 but we are arbitrary close to it, up to a small enough e. 

(2) In the statement of Theorem [5] we imposed that the domains Qa and il^ are both 
connected. We did so to simplify the exposition. However, by relying on the analysis 
in \23\ Section4], one can remove the connectedness assumption: the price one has to 
pay is that the threshold e for the stability estimate to hold not only depends on a, 
but also on the dimension N. 

(3) We point out that the Neumann problem poses much more severe challenges than 
the Dirichlet problem. For instance, given an open set Q C M^, we can always 
extend a function in Hq{Q,) to obtain a Sobolev function defined on the whole 

by setting u = outside il. This leads to the classical monotonicity property of the 
eigenvalues with respect to domain inclusions. Conversely, extending a function in 
H^{Q,) outside Q, is not trivial and one needs some regularity assumption on $7. This 
issue is investigated in the companion paper |23] , see Corollary 6 in there for the precise 
statement concerning the extension of Sobolev functions defined in Reifenberg-flat 
domains. Moreover, the monotonicity with respect to domain inclusion is in general 
false in the case of the Neumann problem. This is the reason why in the statement of 
Theorem [5] we have introduced the quantity /i*. 

(4) A consequence of the fact that the Neumann problem is more difficult to handle than 
the Dirichlet problem is the following. The stability estimate in Theorems [2] and [H 
(Dirichlet problem) only involves Conversely, the stability estimate in 
Theorem [5] (Neumann problem) involves both dni^aT^b) and d//(f]^, 0^). From the 
heuristic viewpoint, the reason of this discrepancy is the following. 

In the case of the Dirichlet problem, a key point in the proof is constructing a 
function u G HQ^Qa) which is "sufficiently close" to a given a function u £ Hq^Qi,). 
To achieve this, what we do is loosely speaking we modify u in such a way that it 
takes the value in the region Qi,\Qa- It turns out that, to control the difference 
between the function u and the function u constructed in this way, we only need to 
control dni^a^ ^fe)- This a consequence of the fact that we do not need to control the 
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behavior of u on 0^ \ ilf, because by construction u takes the value zero there. The 
details of this construction are provided in the proof of Proposition [181 

On the other hand, in the case of the Neumann problem one has to construct a 
function u G H^{i^a) which is "sufficiently close" to a given function u G H^{Qi)). It 
turns out that in this case, to control the difference u — u, one has to control both 
dni^a, ^b) and dni^a, ^t)- This a consequence of the fact that one has to control the 
behavior of the functions on both \ and fi^ \ 17^. The details of this construction 
are provided in the proof of Proposition [20l 
(5) Finally, we underline that one could determine how the constants in the statements 
of Theorems [21 [3] and [5] explicitly depend on the various parameters by examining the 
proofs. 

1.2. Outline. The proofs of Theorems [2l and [5l both rely on the following steps. 

(i) First, we establish an abstract lemma (Lemma 1141 in Section [3.2p which reduces the 
problem of estimating the difference between the eigenvalues to the problem of es- 
timating the difference between the eigenfunctions and their projections on suitable 
subspaces. For instance, in the case of the Dirichlet problem it is enough to establish 
appropriate estimates on the norm of the orthogonal projection from ffjKrjf,) onto 

(ii) Next, we estimate the difference between the eigenfunctions and their projections. 
For both the Dirichlet and the Neumann cases we employ the same strategy (which 
was already used in the previous work [21] by the first two authors). Namely, we 
employ a covering argument which reduces the problem of estimating the eigenfunction 
projection to the problem of controlling the energy of the eigenfunction close to the 
boundary. For instance, in the Dirichlet case we show that, given the eigenfunction 
u S HQ{Qh), there is G HQ{Qa) satisfying 

||Vu - Vn||i2(KiV) < C\\Vu\\l2^w^, 

where is a tiny strip close the boundary of 0^. 

(iii) Finally, we provide an estimate on the energy of the eigenfunctions in proximity of 
the boundary. In the Dirichlet case, we obtain a decay result by relying on the 
monotonicity argument by Alt, Caffarelli and Friedman pL] (see Lemma [T5]) . For the 
Neumann case, we rely on a compactness argument coming from [19| . 
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The paper is organized as follows. In Section 2 we go over some properties of Reifenberg- 
flat domains that we need in the following. Section [3] is devoted to the statement and proof 
of the above-mentioned abstract result (Lemma [T4l) . In Section |4] we conclude the proof of 
Theorem [2] (Dirichlet problem in Reifenb erg- flat domains) and Theorem [J] (Dirichlet problem 
in Lipschitz domains). Finally in Section [5] we establish the proof of Theorem [5] (Neumann 
problem in Reifenb erg- fiat domains). 

1.3. Notation. We denote by C(ai, . . . , a/i) a constant only depending on the variables 
ai,...,a/i. Its precise value can vary from line to line. Also, we use the following nota- 
tions: 

A : the Laplace operator. 

T-L^ : the Hausdorff measure of dimension N . 

\A\ : the Lebesgue measure of the Borel set A. 

C^(0) : C°° functions with compact support in the open set 0. 

H^{U) : the Sobolev space of the L^(f]) functions whose distributional gradient is in L'^{Q,), 
endowed with the norm 



[x,y]: the segment joining the points x,y G M^. 

X ■ y: the Euclidian scalar product between the vectors x,y ^ . 

\x\: the Euclidian norm of the vector x G . 

d{x,y): the distance from the point x to the point y, d{x,y) = \x — y 
d{x,A): the distance from the point x to the set A. 
dn^AjB) : the Hausdorff distance from the set A to the set B. 
Diam(A): the diameter of the bounded set A, 




Hq{Q,) : the closure of C^{Q) in H^{il,), endowed with the norm ||n 



Vn||i2(f^). 



Diam(A) := sup d{x,y) 



1a '■ the characteristic function of the set A. 
B{x,r): the open ball of radius r centered at x. 

When no misunderstanding can arise, we write || • ||2 and || • ||oo instead of || • ||2,2(q) and 



2. Preliminary results 
We start by quoting a covering lemma that we need in the following. 
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Lemma 6. |2H Lemma 11] Let 17 C be an {e,ro)-Reifenberg-flat domain such that < 
-^JV-i^^j^-j ^ +00. Given r < ro/2, consider the family of balls {B{x,r)}xedn- We can 
extract a subfamily {B{xi,r)}i^i satisfying the following properties: 

(i) {B{xi,r)}i(zj is a covering of (J B{x,-r); 

xedn 

(ii) we have the following bound: Jj/ < C{N)n'^~\dn)/r^-^ ; 

(iii) the covering is bounded, namely 

(2.1) B{xi,r/W)nB{xj,r/W) = (!> ifi^j. 

Remark 7. Note that all the balls B{xi,r) . . . , B{xf^i, r) are contained in a sufficiently large 
ball of radius 2Diam(r2). By combining this observation with property (12. ip we get the 
estimate < Diam(i7)^/r^. The reason why property (ii) is not trivial is because we provide 
a bound in terms of 1/r^^^ instead of 1/r^: we need this sharper estimate to achieve for 
instance (|4.30p . 

Note also that, by applying a similar argument, we get the estimate 

(2.2) for any X G |JS(xi,r), ^{i : x G B{xi,2r)} < C{N). 



In the following we need cut-off functions 9q,...,9^j satisfying suitable conditions. The 
construction of these functions is standard, but for completeness we provide it. 

Lemma 8. Under the same hypothesis as in Lemma\^ there are Lipschitz continuous cut-off 
function Oi : — >• M, i = 0, . . . , that satisfy the following conditions: 

< 0i(a;) < 1, Vx G R^, |V0i(x)| < a.e. x G M^, i = 0, . . . 41 



(2.3) 



^0(2;) = if X G J B (xj, r) , Ooix) = 1 if x G \ y S (xj, 2r) 



It/ 



) = if X G B(xi,2r), i = 1,... ,tj/, ^6i{x) = 1, Vx G 



i=0 



Proof. Let I, h : [0, +00) — )• [0, 1] be the Lipschitz continuous functions defined as follows: 
m := < 



if < t < 1 
2(t- 1) if 1 < t < 3/2 h{t) := < 

1 ift>3/2 



1 if0<t<3/2 
-2(t-2) if3/2<t<2 
ift>2. 
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First, we point out that |£'|, < 2. Next, we set 

'■= JJ^(d(a;,Xj)/r) ijji{x) := h{d{x,Xi)/r), i = 1, . . . ,tJI. 



i=l 



The goal is now showing that 



(2.4) 



l<^A{x) <C{N), VxG 



1=0 



To estabUsh the bound from below, we make the following observations: first, all the functions 
ipi, i = 0, . . . take by construction only nonnegative values. Second, 

'ipo{x) = l Vx G |j5(xi,3r/2) 



i=l 



and hence the lower bound holds on that set. If x G B{xi,3r /2), then at least one of the 

i=l 

ipi, i = 1, . . . takes the value 1. This establishes bound from below in (|2.4p . 

To establish the bound from above, we point out that, for any i = 1, . . . , t|/, 'il^i{x) = if 
X G \ B{xi, 2r). By recaUing l^^ij and that ijji{x) < 1 for every x G and i = 0, . . . , jjl, 
we deduce that 



i=0 



and this concludes the proof of (|2.4p . 
Due to the lower bound in ()2.4p . we can introduce the following definitions: 



i=0 



i = 0,...4I, X G 



We now show these functions satisfy (j2.3p : the only nontrivial point is establishing the bound 
on the gradient. To this end, we first point out that 



|VV'i(x)| < -, VxGM^, i = 0, ...,t|/ 



Next, we recall that ipi{x) = for every x G M \ B{xi,2r) and every i = 1, . . . ,tt/. By 
combining these observations with inequalities (j2.2p and (j2.4p we get 



\V9i(x) 



VVi(x) 



^|Ji{x)Y^V^l^i{x) 



i=0 



i=0 



1=0 
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This concludes the proof of the lemma. 



□ 



We now state a result ensuring that the classical Rellich-Kondrachov Theorem applies to 
Reifenberg-flat domains. The proof is provided in [23]. For simplicity, here we only give the 
statement in the case when the summability index is p = 2, but the result hold in the general 
case, see 



Proposition 9. Let ft C be a bounded, connected, {e,ro)-Reifenberg-flat domain and 
assume that e < 1/600. Then the following properties hold: 

(i) if N > 2, is continuously embedded in L^*(r2), 2* := 2N/{N - 2), and it is 
compactly embedded in L'^(Q) for any q G [1,2*[. Also, the norm of the embedding 
operator only depends on N, ro, q and on the diameter Diam{^}) . 

(ii) if N = 2, H^{^) is compactly embedded in L'^{Q) for every q S [l,+oo[. Also, the 
norm of the embedding operator only depends on tq, q and Diam(r2). 

A consequence of Proposition [9] is that Neumann eigenfunctions defined in Reifenberg-flat 
domains are bounded (see again [23] for the proof). 

Proposition 10. Let Q C be a bounded, connected, {e^ro)- Reifenberg-flat domain and 
let u be a Neumann eigenfunction associated with the eigenvalue /i. If s < 1/600, then u is 
bounded and 

(2.5) MLoo^n) < C(l + V^)^(^)||u||L2(n), 

( N 2 ] 

where ^{N) = max < — , — — - > and C = C{N, tq, Diam(J7)). 

The following result ensures that Dirichlet eigenfunctions satisfy an inequality similar to 
(I2.5p . Note that in this case no regularity requirement is imposed on the domain. 

Proposition 11. |1H Lemma 3.1] Let C be a bounded domain and let v be an eigen- 
function for the Dirichlet Laplacian in and let A be the associated eigenvalue. Then v is 
bounded and 



(2.6) lbllL°°(m < 



JV 

Ae \ 4 



To conclude this section we quote a result from |19j concerning harmonic functions satisfy- 
ing mixed Neumann-Dirichlet conditions. More precisely, let be an (e, ro)-Reifenberg-flat 
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domain and let u G H^(Q,). Given x G d^l and r < rg, consider the problem 

At; = mnnB{x,r) 



(2.7) 



V = u on dB{x, r) n O 
dv 

— = on dnnB(x,r). 



The existence of a weak solution of (|2.7p can be obtained by considering the variational 
formulation 



mm 



w = u on dBix, r) n > 



I B{x,r)nn 

and by then applying the argument in [7, Proposition 3.3]. We now state the result that we 
need in the following. 

Theorem 12. jl9l Theorem 1.2] For every /3 > and a € ]0, l/2[ there is a positive e = e{l3,a) 
such that the follovuing holds. Let Q be an (e,rQ)-Reifenberg-flat domain, u G H^(Q,), x G dil 
and r < tq. Then the solution of the minimum problem ()2.8p satisfies 

(2.9) [ \Vv\'^dx < a^~^ [ \Vv\'^dx. 

JB{x,ar)nn JB{x,r)nn 

Remark 13. Note that the decay estimate in Theorem 1121 does not depend on the trace of 
u on the spherical part dB{x, r) H Vt. 

3. Reduction to projection estimates 

In this section we study the abstract eigenvalue problem and we establish Lemma [T^ 
which roughly speaking says that controlling the behavior of suitable projections is sufficient 
to control the difference between eigenvalues. The abstract framework is sufficiently general 
to apply to both the Dirichlet and the Neumann problem: these applications are discussed in 
Sections [H and [5] respectively. 

3.1. Abstract framework. Our abstract framework is composed of the following objects: 

(i) H is a real, separable Hilbert space with respect to the scalar product 7i{-, •), which 
induces the norm ]] • j]-^. 

(ii) h : H X H ^ is a function satisfying: 

(3.1) h{au + f3v, z) = ah{u, z) + (3h{v, z), h{u,v) = h{v,u), h{u,u)>0, 
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for all u, V, z G H and a, /3 G M. Note that we are not assuming that /i is a scalar 
product, namely h{u, u) = does not necessarily imply u = 0. We also assume that 
there is a constant Ch > satisfying 

(3.2) h{u,u) < CH'Hiu,u) WuG H. 

(iii) y is a closed subspace of the Hilbert space H such that the restriction of the bilinear 
form h{-,-) to V x V is actually a scalar product on V, namely 

(3.3) for every v £ V, h{v, v) = implies v = 0. 

We denote by V the closure of V with respect to the norm || • \\fi induced by /i on 1/ 
and we also assume that the inclusion 



(3.4) 



i: iV,\\-\\n] ^ iV 



u 



is compact. 

We now introduce an abstract eigenvalue problem associated with the function h defined 
above: we are interested in eigencouples (u, A) G ^ \ {0} x M satisfying 

(3.5) n{u,v) = Xh{u,v) 
for every v £ V. 

We first check that (j3.5p admits a solution. In view of (j3.ip and (j3.2p we obtain that, for 
any fixed f £ V, the map 

V ^ h{f,v) 

is a linear, continuous operator defined on the Hilbert space {V, \\ ■ ||-^). As a consequence, 
Riesz's Theorem ensures that there is a unique element Uf G V such that 

(3.6) 'H{uf,v) = h{f,v) yveV. 
Consider the map 

T ■■ (V, II • lU) ^ (V, II • 11^ 



f^Uf 

which is linear and continuous since by setting v = Uf in (j3.6p and by using (j3.2p one gets 
ll'U/ll'H < \/Ch||/IU- Let i be the same map as in p.4p . then the composition Toi is compact. 
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Also, in view of (j3.6p we infer that it is self-adjoint. By relying on classical results on compact, 
self-adjoint operators we infer that there is a sequence of eigencouples (z^„,,u„) such that 

Un / 0, Tun = VnUn, lim Vn = 0, Um) = if m / n. 

n— >+oo 

As usual, each eigenvalue is counted according to its multiplicity. Note that z/„ > for every 
n by (|3.3p and (j3.6p . and that A„ = l/f„) is a sequence of eigencouples for the eigenvalue 
problem (|3.5p . 

As a final remark, we recall that the value of A„ is provided by the so-called Reyleigh 
min-max principle, namely 

(3.7) \n = min max ' ^ = max '^f ' ^ = — ^ Vn G N. 

5e5„ue5\{0} h(u,u) «e5„\{o} h(u,u) h{Un,Un) 

In the previous expression, Sn denotes the set of subspaces of V having dimension equal to n 
and Sn denotes the subspace generated by the first n eigenfunctions. 

3.2. An abstract lemma concerning eigenvalue stability. We now consider two closed 
subspaces Va, C satisfying assumptions (j3.3p and (j3.4p above and we denote by (n", A") 
and {Un, Xn) the sequences solving the corresponding eigenvalue problem (|3.5p mV = Va and 
V = Vb respectively. We fix n G N and as before we denote by the subspace 

(3.8) 5"^ = span(u5, . . . 

We denote hy P : H ^ Va the projection of H onto Va, namely 

(3.9) yueH,-Hiu-Pu,v) = Oyv£Va. 

By relying on an argument due to Birkhoff, De Boor, Swartz and Wendroff [2] we get the 
main result of the present section. 

Lemma 14. Fix n G N and assume there are constants A and B, possibly depending on n, 
such that ^>0, 0<-B<l and, for every u ^ S^, 

(3.10) ||Pn- < yl||n||| 
and 

(3.11) \\Pu - u\\l < B\\u\\l. 
Then 

(3.12) K<>t+ ^ 
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Proof. We proceed in several steps. 

o Step 1. From (|3.1ip we get that for every n G S"^ one has 

(3.13) ll-P^lk = — u + u\\h > \\u\\h — \\Pu — u\\h > ||m||/i(1 — Vb)- 

In particular the restriction of the projection P to 5*^ is injective because 5^ C Vh and hence 
\\u\\h = implies u = 0. Hence, from the min-max principle ()3.7p we get 

(3.14) A$^< max 

uesk\{0} h{Pu,Pu) 

o Step 2. To provide an estimate on the right hand side of (j3.14p . we introduce the auxiliary 
function pn : H ^ defined as follows: for every z ^ H, pnZ G S'^ is the unique solution of 
the minimum problem 

(3.15) h{z — PnZ, z — pnz) = inf \h{z — v,z — v)\. 

Loosely speaking, p„ is the orthogonal projection of H onto S!^ with respect to the bilinear 
form h. The argument to show that the minimum problem (|3.15p admits a solution which is 
also unique is standard, but for completeness we provide it. 

We introduce a minimizing sequence {vj.} C S^, then we have that the sequence h{z — Vk,z — v^) 
is bounded. From ()3.ip we infer that the bilinear form h satisfies the Cauchy-Schwarz inequal- 
ity and hence that 

y/h{z -Vk,z- Vk) > \/h{vk,Vk) - ^/h{z,z), 

which implies that the sequence h{vk,Vk) is also bounded. Since ^ Vb, then by (13. 3p 
we have that the bilinear form h is actually a scalar product on S^- Since has finite 
dimension, from the bounded sequence {vk} we can extract a converging subsequence {vkj}, 
namely h{vkj — vq, Vkj — vq) — )• as j — )• +oo, for some vq E S^- Hence, 

h{z - Vk^ ,z-Vk/}^ h{z -v,z- vq) 

as j — )■ +00. This implies that vq is a solution of (I3.15P and we set vq = pnZ. To estab- 
lish uniqueness, we first observe that, given z €z H, any p^z solution of the minimization 
problem (|3.15p satisfies the Euler-Lagrange equation 

(3.16) h{z-pnz,v) = yvGS^. 

Assume by contradiction that p.l5p admits two distinct solutions pl^z and p^z, then from (|3.16p 
we deduce that h{p\z — p^z, v) = for every v G S^- By taking v = p^z — p^z and in view 
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of (|3.3p we obtain pj^z = p^z. 
o Step 3. Next we show that 

(3.17) A„<A„+ max — — — — , 

nes^\{0} h{Pu,Pu) 

where Pn°P denotes the composition of pn and P. To obtain (I3.17P we observe that for every 
G 5^ we have 

7i{Pu, Pu) = ^.{Pu — Pn° Pu + Pn° Pu, Pu — Pn ° Pu + Pn ° Pu) 

(3.18) 

= H{Pu - PnO Pu,Pu -pnO Pu) + ^(pn ° Pu,Pn O Pu), 

where we have used that 

(3.19) niPu-pnO Pu,PnO Pu) = 0. 
Note also that 

(3.20) h{Pu, Pu) > h{pn o Pu,pn o Pu) 

for every u G 5^. We assume for the moment that (|3.19p and ()3.20p are true as their proof 
will be provided in Step 5 and Step 6. 

Combining (|3.18p and (|3.2Up we obtain that for every u ^ S^ \ {0} such that pn o Pu / 
we have 

'H{Pu, Pu) 'H{Pu — Pn o Pu, Pu — Pn ° Pu) HiPn ° Pu,Pn ° Pu) 

h{Pu, Pu) ~ h{Pu, Pu) hiPu, Pu) 

^^21) ^ T-LiPu-pnO Pu,Pu-pnO Pu) ^ njpn o Pu, Pn o Pu) 

~ h{Pu, Pu) h{pn o Pu,Pn o Pu) 

T-LjPu -pnO Pu, Pu-pnO Pu) l 

h{Pu,Pu) ^ 

In the previous chain of inequalities we have used that pn ° P attains values in 5*^ and that 

.b n{w,w) 
A„ = max — -. 

■!«G5ii\{0} h{w,w) 

If Pn o Pu = 0, we have 

n{Pu,Pu) n{Pu-pnOPu,Pu-pnOPu) , 

^ ' h{Pu,Pu) - h{Pu,Pu) ^ " 

since > 0. By combining ([HT^ and l!^7ZI\i with ([XH]) we eventually get ([XTTp . 

o Step 4. We now conclude the argument by establishing (j3.12p . First, observe that, for 

every n G 5^, one has 
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H^Pu — Pn° Pu, Pu — Pn° Pu) 

< ^{Pu — Pn° Pu, Pu — Pn° Pu) + ^{pn ° Pu — U,PnO Pu — u) 
= % {Pu — Pn° Pu + Pn° Pu — U, Pu — Pn ° Pu + Pn O Pu — u) 

= T-l{Pu — u, Pu — u). 
In the previous formula we have used the equahty 
(3.23) niPu -pno Pu,pn oPu-u) = 0, 

which is proved in Step 5. Combining (j3.22p . (j3.23p along with ()3.10p and (j3.13p we finally 
obtain 

u 'H{Pu — u, Pu — u) I Ah{u,u) 



(3.24) < A° + max ^ ' , < + ^ 

^ ' " ues^„\{0} h{Pu,Pu) - " {l-^/B)h{u,u) 

which concludes the proof of Lemma O provided that (j3.19p . (j3.20p and (j3.23p are true. 

o Step 5. We estabhsh the proof of ([3l9]) and (|3:23]) . Observe that, if z G T4, then the 
following implication holds true: 

(3.25) h{z,v) = G =^ n{z,v) = Vtj G S^„. 
Indeed, u is a linear combination of the eigenfunctions u^, . . . ,u^ and hence 

n n 

niz, v) = Y^ ViTiiz, u'^i) = X\vih{z, u\) = 0. 

1=1 i=l 

To establish (j3.19p . we observe that pn o Pu G 5^. Also, by the property (j3.16p of the 
projection pn we have h{Pu — Pn ° Pu, v) = for every v G S^. Hence by applying (j3.25p 
we obtain (|3.19p . To prove (I3.23P we can repeat the same argument. Indeed, if li G 5^, then 
[u-pno Pu] G and ([3:23]) follows from ([3:25]) . 
o Step 6. Finally we establish (f3:20|) . Note that (f3T6]) imphes 

h{pn o Pu, Pu — Pn° Pu) = 

for every G 5"^. Hence 

h{Pn ° Pu,Pn ° Pu) < h{pn o Pu,Pn o Pu) + h{Pu — Pn ° Pu, Pu — Pn ° Pu) 

= h{Pu, Pu) 

for every u G 5"^. □ 
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4. Stability estimates for Dirichlet eigenvalues 

4.1. The Dirichlet eigenvalue problem in Reifenberg-flat domains. Given an open 
and bounded set {u, A) G {H^{^) \ {0}) X M is an eigencouple for the Dirichlet Laplacian 
in if 

(4.1) / \7u{x) ■\7v{x)dx = X / u{x)v{x)dx \fveH^{n). 
Jn Jn 

In this section, we apply the abstract framework introduced in Section [3] to study how the 

eigenvalues A satisfying (|4.ip depend on il. Let ila and Qb two Reifenberg-flat domains and 

denote by D a ball containing both fi^ and ilf,. We set 

H := HUD). «(„,„) := / Vu(.) ■ V„(.)<i., k(u.v) := / 

Jd Jd 

Note that (j3.2p is satisfied because of Poincare-Sobolev inequality. We also set 

and observe that they can be viewed as two subspaces of Hq{D) by extending the functions 
of i?Q(ria) and HQ{Qf)) by outside J7a and respectively. The compactness of the in- 
clusion ()3.4p is guaranteed by Rellich-Kondrachov Theorem. Also, the projection P = Pq^ 
defined by (j3.9p satisfies in this case 

(4.2) l|V(n-P^^n)||i2(B)= min |||V(u - ^;)||i2(^)}. 

By using the above notation, the Dirichlet problem (j4.ip reduces to (jS.Sp and hence it is solved 
by a sequence of eigencouples (A„,n„) with A„ > for every n and lim„_5.+oo A„ = +oo. We 
employ the same notation as in Section [3.21 and we denote by {A°} and {A^} the eigenvalues 
of the Dirichlet problem in 0^ and fif,, respectively. By applying Lemma [HI we infer that to 
control the difference |A^ — A^| it is sufficient to provide an estimate on suitable projections. 
This is the content of the following subsection. 

4.2. Estimates on the projection of Dirichlet eigenfunctions. 

4.2.1. Boundary estimate on the gradient of Dirichlet eigenfunctions. We now establish a 
decay result for the gradient of Dirichlet eigenfunctions. The statement is already in |21t 
Proposition 14], but the proof contains a gap. This is why we hereafter give a different and 
complete proof, which is based on techniques from Alt, Caffarelli and Friedman We begin 
with a monotonicity Lemma. 



20 ANTOINE LEMENANT, EMMANOUIL MILAKIS AND LAURA V. SPINOLO 

Lemma 15. Let ^7 C be a bounded domain and let xq G 5^2. Given a radius r > 0, 
we denote by fi^ := B{xQ,r) D by := dB{xQ,r) D and by a{r) the first Dirichlet 
eigenvalue of the Laplace operator on the spherical domain . If there are constants rg > 
and a* g]0, — 1[ such that 

inf (rV(r)) > a*, 

0<r<ro 

then the following holds. If {u, A) is an eigencouple for the Dirichlet Laplacian in Q, then the 
function 

(4.3) -^{M . I '^^'^2 A + C.r'-' 

\rP Jn+ \x - xol^^ ^ J 

is non decreasing on ]0,ro[. In the previous expression, the exponent (3 G]0, 2[ is defined by 
the formula 



P := y/{N - 2)2 + Aa* -{N -2) 
and Co is a suitable constant satisfying 

(4.4) C„ = ^A||„.' = 



OO' 



(2-/3) 

We also have the hound 

r I V7 1 2 

(4.5) / I ' <C(iV, ro,/?)A(l + Af)||n||i, 



where 

CiN,ro,f3) = CiN)2^r^'' 



^0 ^+^0 +2-/3^ 



Proof. We assume without loss of generality that xq = and to simplify notation we denote 
by Br the ball B{0,r). Also, in the following we identify u G Hq{Q,) with the function 
u £ H^{R^) obtained by setting u{x) = if X G Q,'^. 

The proof is based on the by now standard monotonicity Lemma of Alt, Caffarelli and 
Friedman [Tj Lemma 5.1] and is divided in the following steps, 
o Step 1. We prove the following inequality: for a.e. r > 0, 

2 / jVnlVl'^^dx < r'-^ f2u^dS + {N-2)r'-^ fu^dS 
(4.6) + 2A / u^\x\'^-^dx. 
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We recall that the eigenfunction u G C°^(il) (see the book by Gilbarg and Trudinger \\.2\ 
page 214]). Although (j4.6p can be formally obtained through an integration by parts, the 
rigorous proof is slightly technical. Given e > 0, we set 



-\~ x'2 ~t~ * * * ~l~ -\- 8^ 



so that I X I £■ IS cl C°° function. A direct computation shows that 

Adxir^) = (2 - iV)Ar^^ < 0, 

\^\e 

in other words is sup er harmonic . 

Let Un G C^{Q) be a sequence of functions converging in H^(R'^) to u. By using the 
equality 

(4.7) A{ul) = 2|Vn„|2 + 2n„A'u„ 
we deduce that 

(4.8) 2/ |V^z„|2|x|2-^ = / A{ul)\x\l-'' -2 f (n„Au„)|x|^^. 



Since A(|x|g ^) < 0, the Gauss-Green Formula yields 

(4.9) lA{ul)\x\l~''dx= lulA{\x\l-^)dx + InAr)<In,e{r) , 
where 

/n,.(r) = (r^ + e)^ / 2n„-^d5 + (A^ - 2) uldS. 

In other words, (|4.8p reads 

(4.10) 2 y |VMn|Vl?~^f^3; < In,e{r) - 2 j ^{urAun)\x\l~^dx. 

We now want to pass to the limit, first as n — t- +00, and then as e — )• 0"*". To tackle some 
technical problems, we first integrate over r G [r, r + 5] and divide by 5, thus obtaining 



2 



h5 



(4.11) ^ / I / , |Vu„|2|x|^^dx I dp < ^„ - i?„ 

where 

r-r+S 



and 



2^ rr+o 
An = J In,e{p)dp 

Rn = 2^J^^ lj^^{UnAUn)\x\l-^dx] dp. 
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First, we investigate the limit of A„ as n — t- +oo: by applying the coarea formula, we rewrite 



A„ = -l2 



\x\ + e) 2 u 



Vun~dx + {N -2) [ 



^ -vldx 



N_ "'n^ 
2 



Since Un converges to u in H^{MJ^) when n — )• +oo, then by using again the coarea formula 
we get that 



- J Ie{p)dp n +00, 



where 



/,(p) = (p2 + e) — 



2u^dS + {N-2) ^ 

ant 9iJ (p2+^)^Jaf^4 



u^dS. 



Next, we investigate the limit of i?„ as n — )■ +oo. By using Fubini's Theorem, we can rewrite 

Rn= iUn^Un)f{x)dx, 

Jn 



where 



r+S 



Since 



fix) = \xf- I ln^ix)dp. 

if X G ri+ 

^0 if X ^ n+^g 

then / is Lipschitz continuous and hence by recalling n„ G C^{Q) we get 



r+S 



UnAUn — uAu I fdx 



)fdx 


< 


1 






Jn 



An„, — AujUnfdx 



Un — u] Aufdx 



VUn - ) ( U„V/ + VUnf ] dx 



+ 



Vu({yun - Vu)f + (un - n)V/)dx 



< 



Vun - Vu||i2(n)(^||n„||i2(Q)||V/||icx>(Q) + \\Vun\\L2(n)\\f\\L^(n)^ 

+ l|Vu||j^2(Q)(^||Vu„ - Vu||j^2(Q)||/||ioo(Q) + \\un - n||i2(s^)||V/||ioo(s^)^ 

and hence the expression at the first line converges to as n — )■ +oo. 

By combining the previous observations and by recalling that u is an eigenfunction we infer 
that by passing to the limit n — )• cxd in (j4.1ip we get 



2 



r-r+5 



\Vu\'^\x\^-^dx ]dr<^ I Ie{p)dp - ^ 



r+5 



r+5 



An^lxlg dx dp. 
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Finally, by passing to the limit 5—7-0^ and then e — )• 0"*" we obtain (j4.6p . 

o Step 2. We provide an estimate on the right hand side of ()4.6p . First, we observe that 

\x\^'^ dx<C{N)\\u\\l^r'^ 



(4.12) 



n^lxP ^ dx < \\u\ 



and we recall that C{N) denotes a constant only depending on whose exact value can 
change from line to line. 
Next, we point out that the definition of a* implies that 



(4.13) 



I u^dS<—r^[ iVrul'^dS rG]0,ro[ 
Js+ 'y* Js+ 



where V,- denotes the tangential gradient on the sphere. Also, let a > be a parameter that 

will be fixed later, then by combining Cauchy-Schwarz inequality, (j4.13p and the inequality 

ab < —a H o , we get 

2 2a 



u—db 
ov 



(4.14) 

Hence, 
(4.15) 



< 



< 



< 



u^dS 



+ Of 



'a" \ Js+ 
r I a 



\Vru\^dS 



+ ov 



, \VrurdS + — 

2 js+ 'i-a 



du 
dv 



■dS 



[ 2u^dS + {N- 2)ri-^ / u^dS 



< r 



2~N 



2r 



IVrurdS + 



1 



+ {N - 2)r 



l-N J_^2 

a* 



< r 



3-N 



a N -2 
-T= + — 



\VruVdS + 



la* a" 

Next, we choose a > in such a way that 



avo' Js , 



r 

du 



2a 

Vrul'^dS 
'dS 



du 
dv 



■dS 



a N-2 
fa* a* 



namely 



a = [vW^27T4^ - (iV - 2)] . 



Hence, by combining (j4.6p . (j4.13p and ()4.15p we finally get 
(4.16) / \Vu\^\x\'^-^dx <r^-^-i{N,c7*) j \V u\'^ dS + C {N)\\\u\\l^r'^ 
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where 



^(N,a*)= V(^V^^2)2 + 4a* - (iV - 2) 
o Step 3. We establish the monotonicity property. We set 

and we observe that 

f'(r) = r^~^ [ |Vu|2 a.e.r €]0,ro[, 

hence (I4.16P imphes that 

(4.17) f{r) <jrf'{r) + Kr'^, 

with 7 = j{N,a*) and K = C(iV)A||ti||^. This imphes that 

/(r) , K(3 ^2-/3 



H ■ r''~P > 

r/3 (2-/3) ' - ' 



with /3 = 1/7 = y/{N - 2)2 + 4cr* - (A^ - 2) g]0, 2[. This estabhshes the monotonicity result, 
o Step 4. We establish 

First, we observe that by combining the coarea formula with Chebychev inequality we get 
that for any a > 



n^(^{t£[ro/2,ro]: f\Vu\'^dS>a}^ <- f ^ |V 



dx. 



4 



By applying this inequality with a = — / l^^l^ dx we get that there is at least a 

radius ri G [ro,ro/2] such that 



iViiPdS < — / iVnP < — ||Vnii2 



By combining (|4.16|) with the fact that ro/2 < ri < tq we infer 



L2(n)- 



|Vnp|x|2-^dx < C7(iV)r2-^7||Vn||i.(^) + C{N)\\\u\\l,rl 
and by monotonicity we have that 

(W2)-^/" < r-^/ I '^"f^ , dx + Cori^-^ 

ro/2 "^1 

< 2/^C(iV)r^^-^||Vn||i.(^) + 2^C{N)\\\u\\lrf + Cor^ 
Finally, by using that Co = |^^A||u||^, that ||n||oo < C(iV)Af|| 

(see Proposition 

[TT]) . that llVnll^^^^^ = \\\u\\\2^y^y and that max{A, A^+^/^j < x{l + ) we get □ 
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We now provide an estimate on the energy of a Dirichlet eigenfunction near the boundary. 



Proposition 16. For every t] g]0, 1[ there is a positive constant e := e{r]) such that the 
following holds. Given rg G]0, 1[, let ft C be an {e,r(j)-Reifenberg-flat domain, xq G dfl 
and let u be a Dirichlet eigenfunction in Q associated with the eigenvalue A. Then 

(4.18) [ \Vu\'^ dx<CXil + X^)r^-''\\u\\l Vre]0,ro/2[, 
for a suitable positive constant C = C{N,rQ,r]). 

Proof. We fix r] g]0, 1[ and we recah that the first eigenvalue of the spherical Dirichlet 
Laplacian on a half sphere is equal to — 1. For t g] — 1, 1[, let St be the spherical cap 
St := dB{0, 1) n {xn > t}, so that t = corresponds to a half sphere. Let Xi{St) be the first 
Dirichlet eigenvalue in St- In particular, 1 1— )• Xi{St) is monotone in t. Therefore, since r/ < 1 
and Xi{St) — )• as i | ~1) there is t*{ri) < such that 

Xi{t*)<N-l - ^{2N-r]). 

By relying on Lemma 5 in [23] (see also Proposition 2.2 in [H]), we infer that, if e < t*{rj)/2, 
then dB(xo, r)r]flis contained in a spherical cap homothetic to St* for every r < tq. Since the 
eigenvalues scale of by factor when the domain expands of a factor 1/r, by the monotonicity 
property of the eigenvalues with respect to domains inclusion, we have 

(4.19) inf r'^Xi(dB(xo,r)r\n) > Xi(St*)>N - 1 - ^(2N - rj). 

r<ro 4 

As a consequence, we can apply Lemma [15] which ensures that, if n is a Dirichlet eigenfunction 
in fl and xq € dfl, then (j4.3p is a non decreasing function of r, provided that 



(4.20) /3 = ^(AT _ 2)2 + 4(iV - 1) - 7?(2iV - r]) - {N - 2) 



and Co is the same as in (j4.4p . In particular, by monotonicity we know that for every 
r < ro < 1, 

\Vu\'dx < i-J -^^^^d^+Cor^-^ 



r^-'^+P ' ' - \rP \x - 

' 1 f iVnl 



2- 



and we conclude that for every r < ro/2, 

/ |Vn|2 dx < Kr^-2+/3, 
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K 



1 



iro/2y 



"0/2 



N-2 



dx) +C7o(ro/2)2-^. 



Let us now provide an estimate on K. By using equations (14.20p and (14.41) and Proposition 
[11] we get 



(4.22) 



Co < ^£i^X\\u\\l < C(iV)r/-iAi+T 11^112 



V 



To estimate the first term in K we use (|4.5p and the fact that /3 = 2 — r/ to obtain 



(4.23) 



'■0/2 



Af-2 



< C(A^,ro,r/)A(l + AT)||u| 



2- 



Finally, by combining (|4.22p and (|4.23p we obtain (j4.18p and this concludes the proof. □ 



Remark 17. By relying on an argument similar, but easier, to the one used in the proofs of 
Lemma [T5] and Proposition 1161 we get the following estimate. Let r], tq, Q and xq be as in 
the statement of Proposition \TU\ and assume that u is an harmonic function in ^1 satisfying 
homogeneous Dirichlet conditions on the boundary dQnB{xo,r). For every r] g]0, 1[ we have 



(4.24) 



|Vu|2 dx < Cr^-''||n||i Vre]0,ro/2[, 



'B{xo,r)r\n 

for a suitable positive constant C = C{N,rQ,r]). 

Note that the decay estimate (j4.24p is sharp, in the sense that we cannot take rj = 0, as the 
following example shows. Let N = 2 and let Q be an angular sector with opening angle uj, 



n 



:= {(r,0) : -w/2 <e < tj/2}. 



By recalling that the Laplacian in polar coordinates is 

^ _ 52 Id 1 52 

dr r dr 89 ' 

we get that the function u{r,9) := r'^ cos{6tt/uj) satisfies the homogeneous Dirichlet condition 

on di} and is harmonic provided that d = tt/uj. Also, by computing the gradient in the 

circular Frenet basis (r, ly) and by using formulas 

du 1 du 
dr r 89 

we get 



-i^ui —Slum— 



and 



UJ 



du du IT ir_i vr, 
— = — = -r- cos(6'-, 
ou or UJ UJ 



iVnl 



B(o,r)nn 



B(0,r)nC 



du 



dr 



+ 



du 



dv 



2 _ /vr 

\UJ 



f 

J-Lj/2 



s'^^^-^h dsd9 = -r 



vr 9 TT 
■ 

2 



which leads to the following remarks: 
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(i) if Q is the half-space (i.e., if a; = vr), then the Dirichlet integral decays like = . 

(ii) If the opening angle w < vr, then we have a good decay of the order r° for some a > 2. 

(iii) The most interesting behavior occurs when the opening angle u > n, then the Dirichlet 
integral decays like r° with a < 2. Note, moreover, that if we want that a gets closer 
and closer to 2, we have to choose w closer and closer to it and this amounts to require 
that is an (e, ro)— Reifenberg flat domain for a smaller and smaller value of e. 

We refer to the book of Grisvard [13j for an extended discussion about elliptic problems in 
polygonal domains. 



4.2.2. Difference between the projection of eigenf unctions. By relying on the analyis in ^21j we 
get the following result. Note that we use the convention of identifying any given u G HQ{yi) 
with the function defined on the whole by setting u = outside Vt. 

Proposition 18. For any a €]0, 1[ there is threshold e{a) g]0, 1/2[ such that the following 
holds. Let ^la o-nd ilj, he two {e,ro)- Reifenberg- flat domains in M^, both contained in the disk 
D, which has radius R. If 

(4.25) dH{K,nt) < 6 < 

then there is a constant C = C{N,rQ,a) such that, if u £ HQ^flb) is a Dirichlet eigenfunction 
associated with the eigenvalue A, then 

(4.26) ||Vn - VP^^{u)\\l,^^^ < CX{1 + X^S'^L \\u\\l,^^^y 
where L := ^{^^^{dQh) and the projection P^^ is defined by ()4.2p . 
Proof. We proceed in two steps. 

o Step 1. We first fix n G HQ{Qf,) and construct u G HQ{Qa) which is "close" to u, in the 
sense specified in the following. 

To begin with, we point out that (j4.25p implies that {B{x, 2S)}^^q^^ is a covering of Qf,\Qa- 
Indeed, by contradiction assume there is y £ 0,{y\0,a such that 

26 < d{y,dnb) = d{y,ni) < sup d{y,ni). 

This would contradict (j4.25p and hence the implication holds true. 

By applying Lemma[6]with r = 56/2 we can find a finite set I, such that ft/ < C{N)L/6^^^ 
and {B{xi, 5(5/2} jgj is a covering of Q.b\^a- 
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Next, we use the function Oq given by Lemma [8] (with r = 55/2) and we set u{x) :- 
9q{x)u{x). We observe that, since 



^l<^^lyj (Ob \ ^a) C 17g U U S {Xi, 55/2) , 

then u £ HQ{Qa)- Also, Vu = uV6q + 9qVu and hence 

(4.27) llV^i - Vu\\l2^d) < 11(1 - Oo)Vu\\l^d) + WuVOoh^^D) 

Next, by recahing that = 1 outside the union of the bahs {B{xi, 56)}i^j, we get 

(4.28) 11(1 - ^o)Vn||^2fo) = / {l-9of\Vu\^dx<S2 I \Vu\^dx. 
Also, by recalling that jV^oK^^) < C{N)/6, we obtain 

\W^0o\\l2(D)= f |Veo|Vdx< / u^dx 



(4.29) 



To get the last inequality we have used [21^ Proposition 12] and the fact that one can take 
b{N) = y/N in there. 

o Step 2. We now restrict to the case when u is an eigenfunction for the Dirichlet Laplacian, 
and A is the associated eigenvalue. By using Proposition [16] and Lemma [6] we get 



(4.30) yf \Vufdx<yCX{l + X^)6^~''\\u\\l<CX{l + X^)L6'^- 

^Jb{x,aVN5) ^ 



''Il7/I|2 



with C = C{N,rQ,r]) and provided that 5 < ro/SvN. 

By choosing r] := {1 - a), inserting (|4.30p into (|4.28p and (|4.29p and recalhng (|4.27p we 
finally get 

\\Vu-VPEJu)\\1,^^^ < \\Vu-Vu\\L^D)<C{N,ro,a)X{l + xf)L6''\\u\\l 

□ 

4.3. Conclusion of the proof of Theorem (2]. 

Proof of Theorem\^ First, we recall that max{A^,A(^} < 7„. Next, we fix n E N and we 
denote by uj, . . . the first n eigenfunctions of the Dirichlet Laplacian in HQ{Vlb). Given 
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u = Ylk=i ^ku\, by applying Proposition [18] we get 
(4.31) 



29 



|Vn-VP^^n||i.(^) 



Y^Ckhnl-VP^ul 



k=l 



k=l 



2 



N_ JV 

< n^clCjnil + 7n' )L6''\\uUh^D) = nCjnil + lr? )L6''\\u\\l, 



(D)- 



fe=l 



To get the last equality we have used the fact that the eigenfunctions associated with different 
eigenvalues are orthogonal with respect to the standard scalar product in L^. 

We use ()4.3ip and the Sobolev-Poincare inequality in the ball D, which has radius R, and 
we conclude that the assumptions of Lemma UM are verified provided that: 

JV 

(i) A = nC-fn{l + 7n )L6'^, B = C{N, R)A and 

(ii) B <l. 

JV 

Hence, we fix a threshold 5q{N, n, 7„, tq, a, R, L) satisfying nC^n{^ + 7n )L5q < 1/4, and we 
get that for any 6 < 5o one has 1/(1 — ^/B) < 2. By applying Lemma Owe then get 

A — 

<2^<2nC7„(l + 7„2)L5°. 



" ^" - (1 - VB) 

The theorem follows by exchanging the roles of Oa and ilb- □ 

4.4. The Lipschitz case. We end this section with the proof of Theorem HI 

Proof of Theorem [7[ Let ila and be as in the statement of Theorem |4l We fix n G N and 
k < n and we denote by G HQ{^a) and G Hq{Qi)) the eigenfunctions associated with 
and A^, respectively. In particular, solves —An = A^n^ in Qj,- Let Uh G HQ^Qa) be the 
distributional solution of 

{—An = A^n;, in Qa 
n = on dfta- 

We can now apply Theorem 1 in the paper by Savare and Schimperna [26]. Then formula 
(3.4) in [26J yields 



psmt 



where the projection P^^ is the same as in (j4.2p . Then, by using the definition of eigenfunc- 
tion, we get 



|Ab'4k-i(D) < C{N,R)Jxl\\ut\\LHDy 
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We recall that < 7„ and that 5*^ is the eigenspace of Hq{Q,i,) generated by the first n 
eigenfunctions and by arguing as (j4.3ip . we get that, for any u £ SJ^, 

II Vn - VP^^Wh^D) < C{0, P, 7n, N, R, n)dH{K. ^DM^^^^j^y 
Hence, by proceeding as in the proof of Theorem [2] we can conclude. □ 

5. Stability estimates for Neumann eigenvalues 

5.1. The Neumann eigenvalue problem in Reifenberg-flat domains. Given an open 
and bounded set O, {u,p) G H^iVi) \ {0} x M is an eigencouple for the Neumann Laplacian 
in VL if 

(5.1) /v„(x).v„(xM. = , v..F-m. 

Jo. Jn 
In this section, we apply the abstract framework introduced in Section [3] to study how the 
eigenvalues fi satisfying (|5.ip depend on the domain fi. We set 

and we equip it with the scalar product 

(5.2) 'Hi{ui,Vl),{u2,V2)) = / ui{x) U2{x)dx + / vi{x) ■ V2{x)dx. 
Also, we set 

(5.3) h({ui,vi),{u2,V2)]= ui{x)u2{x)dx. 

Note that /i is a symmetric, positive bilinear form (i.e., it satisfies properties ()3.ip ). although 
it is not a scalar product on H. Inequality (|3.2p is trivially satisfied. 

As before, ila and ftb are two Reifenberg-fiat domains contained in and we denote the 
Sobolev spaces by H^{Qa) and H^{fli,). The spaces Va and Vb are defined by considering the 
map 

jn : H\n) ^ L\R^) x L\R^,R^) 
u ^ (uIq, VuIq), 

where In denotes the characteristic function of il. Note that the ranges Va = jn^{H^{0,a)) 
and Vb = jnti^^i^b)) are closed and that (|3.3p is satisfied. Note also that the inclusion ()3.4p 
is compact because, in virtue of Proposition El we can apply Rellich's Theorem. 

The Neumann problem (j5.ip reduces to (|3.5p provided that A = /i + 1 and hence it is solved 
by a sequence of eigencouples {/J^njUn) with lim„_^+oo /^n = +oo . By relying on Lemma [TH 
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we deduce that to control the difference |^$^ — | it is sufficient to provide an estimate on the 
projection operator defined by (|3.9p . which can be identified by a map Pj^ : H — )■ H^{^}a) 
satisfying the following property: V n G H^{Qb), 

(5.4) = jn^^{||ln,n-ln,?;||^2(RiV) + ||ln,Vn-ln,Vt;||^2(KiV)}- 

5.2. Estimates on the projection of Neumann eigenfunctions. To provide an estimate 
on (|5.4p we first establish a preliminary result concerning the decay of the gradient of a 
Neumann eigenfunction. 

Proposition 19. For every r/ > there is a positive constant e := e{r}) such that, for every 
connected, {e,rQ)-Reifenberg-flat domain 17 C the following holds. Let u be a Neumann 
eigenfunction in 0, associated with the eigenvalue n, let x G dVt and let r < min{ro, 1}. Then 
there is a constant C = C(A^, ro, ?y, Diam(r2)) such that 

(5.5) / I Vnp dx < C^^{l + ^f'^^''^ ||n||i.(^) . / 
JB(x,r)nn ^ ' \mm{ro,l}J 

where 7(A^) = maxl^i 7v^} statement of Proposition [70l 

Proof. For a given > we choose (3 in such a way that < (3 < r] and that 

(5.6) a := 8/5-" < -. 

Also, we choose e smaller or equal to the constant given by Theorem 1121 with this choice of a 
and (3. Note that e only depends on r]. 

We now consider a Neumann eigencouple (u, /i), while the point x £ is fixed. We may 
assume without losing generality that tq < 1, up to redefine tq by min{l,ro}. 

We first use the induction principle in order to show that, for a suitable constant C4 = 
C4(A^, ro, Diam(r2)) that will be chosen later, and for any k £N, 

(5.7) [ iVnpdx < CM^ + ^/Jlf^^''^a^^''-''^\\u\\l2(^y 

J B{x,a'^ro)r\Q, 

If A; = the inequality (j5.7p is satisfied provided that C4 > 1 because \ Vu\'^dx = ^i\\u\\^. 
Next, we consider the inductive step and we assume that (15. 7p holds for a given /c > 0. We 
term v the solution of Problem ()2.7p in il^ := B{x, a^r^) n 0. Then Theorem 1121 gives 

(5.8) / \Vv\'^dx <a^-^ j \Vv\^dx. 
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Note that since a < 1, then Qk+i ^ ^k- We now compare Vu and Vf in B{x,a^^^rQ) by 
using the inequahty \\a + 6|p < 2||a|p + 2||6|p : 

\Vu\^dx < 2 / |Vfpdx + 2 / \V{u-v)\'^dx 



(5.9) < 2a 



< 20^-^^ / |Vvpdx + 2 / |V(n-w)p(ix 
'/ \Vu\'^dx + 2 \V{u- v)\'^dx. 



Since v is harmonic and w is a competitor, then V(n — u ) is orthogonal to Vf in L^(ilfc) and 
hence 

(5.10) / |V(u-t;)p(ix= / \Vu\^dx- [ \Vv\^dx. 



Moreover, li minimizes the functional I—)- / |Vw| dx — 2^ I twu with its own Dirichlet 
conditions on dB{x, u^vq) n^, and hence by taking u as a competitor we obtain 

/ iVnpdx — / \Vv\'^dx < 2/i / ^u'^ — vv^dx 

(5.11) < 4//a;iva^^'||n||^. 

To get the above inequality we have used that tq < 1 and the estimate 

(5-12) ll^llL°°(n) < \\u\\L°°{n), 

which can be established arguing by contradiction. Indeed, set M := ||u||^oo(f^). If (j5.12p 
is violated, the truncated function w := min{M, max{t>, —M}} would be a competitor of v 
satisfying || V?i;||^2(f^) < ll^^llL2(r2)' which contradicts the definition of v. 
By plugging (|5.1U|) and (|5.1ip in (|5.9p and using the inductive hypothesis (|5.7p . we get the 



lL°°(n)' 



estimate 

/ |Vn|2 < 2a^~^C^fi{l + ^)27Wa'=(^-^) ||n||2 + 8fiiVNa'"'\\u\\ 

where w^v is the measure of the unit ball in M^. By using (j2.5p . the above expression reduces 
to 

(5.13) / |Vn|2 < ^(1 + ^)27Wa('=+i)(^-'') ||n||i [2C,a^-^ + Csa^C^+i)-^] , 

for some constant C5 = C5(A^, rg, Diam(Q)). We claim that by choosing in (j5.7p 

(5.14) C4 = SCsa'?-^ 
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then the right hand side of (j5.13p is less than C4/i(l + .^)'^^^^^a^^^^^^^~^\ which proves 
(|5.7p . Indeed, our choice of a imphes a^^^ = ^ and hence ()5.14p imphes 

(5.15) 2^40"-^ + ^50(^+1)"-^ = C4- + (SCsa^-^)— < C4- + (SCsa^"^)- = -C4, 

which concludes the proof of (|5.7p . 

To conclude the proof of the Proposition we observe that, given r < tq, we can select an 
integer A; > such that r < a^ro < ra~^, which yields 



/ 

Jb(x 



\Vu\^ dx< [ I Vu|2 dx < C4^(l + VA^)2^(^)a'=(^-'') | 

JB(x,a''rn)nil 



(x,r)nn JB(x,a''ro)nQ, 

/ \ N-ij 

<C4/.(i + v^)^-(^)|Hii.(^) ^-^J 

and this implies (|5.5p provided that C := C^^/a^"^. □ 

By combining a covering argument from [22] with the previous proposition we establish the 
projection estimate provided by the following result. 

Proposition 20. For any a g]0, 1[ there is a constant e = e(a) < 1/600 such that the fol- 
lowing holds. Let 0^ and Q.h be two connected {6,rQ)-Reifenberg-flat domains o/M^ satisfying 

(5.16) max{d^^(Oa, ^b); dni^l, ^t)} < 6, 

where < 5 < min{ro/5,l}. Then there is a constant C = C(A^, rg, Diam(r2j,), a) such 
that, if u ^ H^{^h) is a Neumann eigenvector associated with the eigenvalue fi, then there is 
u G i7^(r2a) satisfying 

where L := T-L^^^^d^h) c^nd j{N) = max j^^' f statement of Proposition [lU. 

Proof. The goal of the first part of the proof is to construct a function u which only differs 
from ti in a narrow strip close to the boundary: this is done by relying on a covering argument 
similar to those in [22] (see Lemma 9 in there). The proof is then concluded by relying on 
Theorem 1101 and Proposition [TUl The details are organized in the following steps, 
o Step 1. We construct a partition of unity. First, we observe that (j5.16p implies that 
{B{x,25)}x£dnb is a covering of ilaAilfe and by relying on Lemma [6] we can find a finite set 
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/, such that (i) JJI < C{N)L/5^-^- (ii) 55/2)},e/ is a covering of Vta^^b- To simplify 

the exposition, in the foUowing we use the notations 

B,:= B{x,,h5/2) 2B, := B{x^,b5) 6Bi := B{xi,155) W = [j2B,. 

i=l 

Note that property ()2.ip in the statement of Lemma [6] imphes that, for every x G 
: X £ 2Bi} < C{N) and hence, in particular, that, for every integrable function v, 



(5.17) V / \v{x)\dx < C{N) [ \v{x)\dx. 



Next, we apply Lemma [8] with r := 56/2 and we obtain Lipschtz continuous functions 
9o,9i,...,9ii ^ [0,1] satisfying 

\Vei{x)\ a.e.x eR^, i = 0, . . . , 



Ooix) = iixe\jBi, eo{x) = 1 if x G \ |J 25^ 

(5-18) 

til 

9i{x) = if x G \ 2Bi, i = l,...,^I, ^ 9i{x) = 1 for every x G M^. 

i=0 



o Step 2. We define the function u. For i G / we term Yi the point in n 2Bi such that 
d(Yi,Xi) = 36 and the vector 1^ — Xj is orthogonal to P{xi, 55). Note that such a point exists 
provided 56 <r and e < 3/10 due to Lemma 5 in [23] (see also Proposition 2.2 in [16j). Then 
we define the domain Di := B{Yi,6) C Jlj, n 2Bi and we set 



T7TT / u{x)dx i = l,...,^I. 
'A 



lAl 



Note that {1qj^u{x))9(){x) is well defined for x G and belongs to H^(R^) because 6*0(3;) = 
in a neighborhood of 80,^. This allows us to define 



u{x) := ilQ^u{x))9o{x) + miOiix) Vx G M^, 

1=1 



so that u G i?^(Oa). 
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o Step 3. We provide an estimate on — ulrit ||^2(jrjv-)- First, we point out that 

riaAJls C W and that uln^ = uIq^ in \ W, so by recalhng the definition of u we have 



\u1q^ - ulnJ\j^2(^N) = / \u - u\'^{x)dx + / u'^{x)dx+ / u^{x)dx 

<2 [ u'^{x)dx + 2 [ fVmj6'i(x)) dx 



By using the convexity of the square function, Jensen inequahty and estimate (|5.17p we have 

u^{y)dy ) 9i{x)dx 



[ dx< [ ^mf0,(x)dx< / jZwul f 

Jw \^^^ J •^W' i=l Jw \^i\ \Jd, 

^ E TV f / ^'(y)rfyl ^n5''6'' < C{N) I u\y)dy. 

In the previous expression, ljat denotes as usual the Lebesgue measure of the unit ball in 
R^. By combining the previous two estimates we conclude that 



(5.19) \\n\^a - ^In, |li2(KiV) < C(iV) u\y)dy 

o Step 4. We introduce some notations we need in Step 5. Given io G / we denote by 
JjQ be the finite set of indices j £ I such that 2Bj n 2i?j(, ^ 0. Note that (JJjo < C{N) by 
property (|2.1|) in the statement of Lemma El and, also, that any ball 2Bj is contained in 6Bi^ 
if i G -'io- 

Let Pq be the hyperplane in GSjp provided by the definition of Reifenberg flatness and let 
fo denote its unit normal vector, oriented in such a way that Xi^ + 155fo G l^f,. Also, let Yj 
and Dj be as in Step 2, and let Pj denote the hyperplane P{xj, 56). For any j £ Ji^ we have 

dniPj n 2Bj,Po n 25j) < dniPj n 2Bj,dnb n 25j) + n 25j, Po n 2Bj) < 5Se + 155e. 

Hence, 

diYj,Po) > d(Yj,Pj) - duiPj n 2Bj,PQ n 2Bj) >2,5- 2{)£5 > 26, 
provided that e < 1/20. This shows that 

[J Dj C := B(xjo, 15(5) Pi {x ; (x - Xig) • i^o > ^} ^ ^^b, 
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where the last inclusion holds by Lemma 5 in |23j (see also Proposition 2.2 in |16j ) since 
30e6 < 6. 

The key point in this construction is that Di^ is a Lipschitz domain and satisfies the 
Poincare-Sobolev inequality with constant C{N)6. Hence, by setting 

u{y) dy 



and by using Jensen inequality we get that, for every j £ Ji^, we have 

/ \ 2 

1 f . , . . . . \ .1 r . , . . ,2, 



{u{x) — fhif^)dx < —— / \u{x) — fhigl dx 



Jd, j \Dj\ Jd, 

2 



(5.20) <T^ [ W{x)-mo\^dx< ^\^^^ [ \Vu{x)\^dx 

l^il Jd,^^ \Dj\ Jd,^ 



C{N) 



^ I \Vu{x)\^dx. 

On the other hand, by definition of Di^, we have that, for any y £ QB-i^^ r\Q,h \ Di^, 

d{y, dnb) < d{y, Po) + dniPo D 6Bi, , dn^ D 6Bi,) <6 + 6e6< 26, 
which implies that y £ IJxedQt -^(^' ^'^)- particular, 

n ftb \ Di, C y B[x, 25) C y 5i 

and this implies that supp(0o) H 2B^^ C D^y 

o Step 5. We provide an estimate on Hlj^^V-u — lQ^Vu\\i^2(^^Ny First, we recall that 

^la^^b ^ W and we observe that 

(5.21) 

IllnaV"" ~ lni,V'u||^2(KJV) = / \Vu — \7u\'^{x)dx + / \\7u\'^{x)dx+ / \\7u\'^{x)dx 

<2 \Vu\^{x)dx + 2 \Vu\^{x)dx+ \\7u\'^{x)dx. 

The first term in the last line of the above expression satisfies 

(5.22) 2 / \Vu\'^{x)dx <^ \Vu\^{x)dx <^ \Vu\'^{x)dx. 

To establish an estimate on the second term in (j5.2ip . we start by observing that, if x G fit, 
then 

u{x) := u{x)9q{x) + mi9j{x). 

3&I 
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Next, we fix zq in sucli a way tliat x G Bi^^ and we observe that, since V^o + J2j£i — 0' 
we have 

Vn(x) = 9o{x)Vu{x) +\/9o{x)u{x) + mjVej{x) 

= 9o{x)Vu{x) + (n(x) - mijV9o{x) + {rrij - mijV9j{x) . 

Jl ^ ^ ^ 

/2 

Next, we point out that, for any i = 1, . . . , [|I we have 

(5.23) / \9o{x)Vu{x)fdx < / \Vu{x)fdx. 

Also, we recah that supp(0o)n2i?j,) C Dig and that IV^^qI < C{N)/6. We then recah that the 
Poicare-Sobolev constant of Di^ is bounded by C{N)6 and by combining these observations 
we get 

|2 



Vn 



(5.24) 



/ |/i(x)P < ^ / \uix) - < C{N) i 

J2Bignnt, <J JD.g J Dig 

< C{N) I |Vup. 
Finally, by recalling ()5.20p we have 

(5.25) / \f2\^dx<CiN) [ l-[rnj-m,gf <C{N) f \Vu\'^dx 
J2Bignnb J2Bignnt j^j^^^" JeB^gcnt 

and by combining (j5.23p . (j5.24p and (|5.25p we infer 

(5.26) [ \Vu\'^{x)dx <CiN)y2 f \Vu\'^dx. 

To provide a bound on the third term in (|5.2ip . we observe that, if x G Qa\^b '^[^ Bi, then 

u{x) = ^^mj0i(x) 9o{x) = 0. 

is/ 

Hence, if we choose iq in such a way that x £ Big , we get 



Vu(x) = mjV9j{x) = {nij — mig)V9j{x). 
By arguing as in ()5.25p we get 



/ iVttpdx < C{N) f iVnpdx, 
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which imphes 

(5.27) / \Vu\^{x)dx <S2 [ \Vu\^{x)dx <C{N)S2 I \Vu\^dx. 

Finally, by combining ([OT]) . (jOH]) . (jOG]) and (jOTl) we conclude that 

(5.28) Unyu - ln,Vu\\l,.^^. < C{N) V / \Vu\^dx. 

o Step 6. We conclude the proof of the Proposition by relying on Propositions IIUI and 1191 
First, by combining Proposition [10] and (|5.19p we get 



\uln^-ulnJ\l2^^N)<CiN)Y, I u\x)dx < C{N)Y,^' 



rAf|U,||2 



^^•^^^ < CiN, ro, Diam(J7,)),5^(l + ^f^'^''^ IWWh^^JI 

< CiN, ro, Diam(l^fe))L(l + VJ^)^^^''^S\\u\\l,^^^y 
Next, we combine Proposition [19] with (|5.28p and we obtain 
(5.30) 

Unyu - l^,Vn||i.(J,^.) < Cm(1 + ^f^S'^-^Ml.^^JI < CLm(1 + ^f^S^ 

^Ili2(f7b)' 

provided that a = 1 — rj. In the previous expression, C = CiN, tq, a, Diam(i7b)). By combin- 
ing ()5.29p and (I5.30|) we conclude the proof. □ 

5.3. Conclusion of the proof of Theorem [5]. We finally conclude the proof of Theorem 

m 

Proof of Theorem [3. By comparing (15. 4[) with Proposition [20] and by arguing as in (I4.3ip we 
get that the hypotheses of Lemma[T3]are satisfied provided that A = B = nC(l + fi)'^"'^'^^'^'^ L6°' 
and hence by repeating the same argument as in the Dirichlet case we conclude. □ 
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